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Abstract. The derivation of shell triangles involving translational degrees of freedom
only using a combined finite element-finite volume formulation is presented. Details
of the linear elastic formulation are given first. The efficiency of the rotation-free
shell triangles for the non linear transient analysis of shells using an explicit dynamic
integration scheme and a quasistatic incremental implicit formulation are shown in a
number of examples of application for linear and non linear shell analysis.
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1 Introduction

The solution of large scale shell problems such as those occuring in many practical
engineering situations requires use of simple and efficient shell elements. Typical
examples are the analysis of sheet stamping processes, vehicle dynamics and crash-
worthiness situations. The natural difficulties of these problems typically involving time
changing frictional contact conditions is increased by the need of discretizing complex
geometrical shapes. Here the use of shell triangles and non-structured meshes becomes
a critical necessity. Unfortunately, despite recent advances in the field [1–5] there are
not so many simple shell triangles available which are capable of accurately modelling
the deformation of a shell structure under complex loading conditions.

A promising line to derive simple shell triangles is to use the nodal displacements as the
only unknown for describing the shell kinematics. This idea goes back to the original
attempts to solve thin plate bending problems using finite difference schemes with the
deflection as the only nodal variable [6,7].

In recent years some authors have derived a number of the so called rotation-free thin
plate and shell triangular elements based on Kirchhoff’s assumption [8–15]. In essence all
methods try to express the curvatures field over an element in terms of the displacements
of a collection of nodes belonging to a patch of adjacent elements. Oñate and Cervera
[16] proposed a general procedure combining finite element and finite volume concepts
for deriving thin plate triangles and quadrilaterals with the deflection as the only nodal
variable and presented a simple and competitive three d.o.f. triangular element (termed
BPT for Basic Plate Triangle). These ideas were extended and formalized in [17–19] to
derive a number of rotation-free thin plate and shell triangles. The basic ingredients
of the derivation are a mixed Hu-Washizu formulation, a standard discretization into
three node triangles, a linear finite element (FE) interpolation of the displacement field
within each triangle and a finite volume (FV) type approach for computing the curvature
and bending moment fields within appropriate non-overlapping control domains. The so
called “cell-centered” and “cell-vertex” domains were explored yielding different families
of rotation-free plate and shell triangles [18]. Both the BPT plate element and its
extension to shell analysis (termed here BST element for Basic Shell Triangle) can be
derived from the cell-centered FV formulation. The cell-vertex FV approach yields a
different family of rotation-free plate and shell triangles termed BPN and BST elements.
Details of the derivation of both element families can be found in [18]. Applications
of the BST element for non linear dynamics of shells and sheet metal forming analysis
using an explicit dynamic formulation can be found in [19–24].

In this paper the formulation of the BST and BSN rotation-free shell triangles is
described for both linear and non linear analysis. Details of the linear elastic formulation
are presented first. The basis of the extension to the non linear case using both an
explicit dynamic formulation and a quasistatic incremental implicit formulation are
briefly explained next. The accuracy of the BST and BSN triangles is shown in a
number of static and dynamic shell problems.
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Basic theory

Let us consider the planar shell domain of Figure 1. We will assume Kirchhoff’s
orthogonality condition to hold, i.e.

θx′ =
∂w′
∂x′ and θy′ =

∂w′
∂y′ (1)

where w′ is the displacement in the normal direction. As usual x′ and y′ denote local
in-plane directions (Figure 1).

Figure 1.Planar shell element. Definition of global and local axes, displacements and rotations.

The bending moment-curvature and axial force-elongation relationships are expressed
in the usual form (in local axes)

m′ = Dbκκκκκκκκκκκκκκ
′ n′ = Dmλλλλλλλλλλλλλλ′ (2)

with

m′ =[mx′ , my′, mx′y′]
T , n′ = [nx′, ny′ , nx′y′]

T

κκκκκκκκκκκκκκ′ =[κx′, κy′, κx′y′]
T = Lbw

′ , Lb =
[
− ∂2

∂x′2 ,− ∂2

∂y′2 ,− 2∂2

∂x′∂y′

]T

λλλλλλλλλλλλλλ′ =[λx′ , λy′, λx′y′]
T = Lmu′ , u′ =

{
u′
v′
}

, Lm =

⎡
⎢⎢⎢⎣

∂
∂x′ 0
0 ∂

∂y′
∂

∂y′
∂

∂x′

⎤
⎥⎥⎥⎦

(3)
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where u′ and v′ are the in-plane displacements (Figure 1). For an isotropic homogeneus
material

Db =
Et3

12(1 − ν2)

⎡
⎢⎣ 1 ν 0

ν 1 0
0 0 1−ν

2

⎤
⎥⎦ , Dm =

Et

(1 − ν2)

⎡
⎢⎣ 1 ν 0

ν 1 0
0 0 1−ν

2

⎤
⎥⎦ (4)

where E and ν are the Young’s modulus and the Poisson’s ratio, respectively and t is
the shell thickness.

The set of governing equations is expressed in integral form starting from the modified
Hu-Washizu functional [1]

Π =
1
2

∫ ∫
A

κκκκκκκκκκκκκκ′T Dbκκκκκκκκκκκκκκ
′dA +

1
2

∫ ∫
A

[Lmu′]TDm[Lmu′]dA−

−
∫ ∫

A
[Lbw

′ − κκκκκκκκκκκκκκ′]Tm′dA −
∫ ∫

A
uT qdA (5)

where q is the distributed load vector (in global axes), u = [u, v, w]T is the global
displacement vector and A is the area of the shell surface.

Variations of Π with respect to κκκκκκκκκκκκκκ, m and the displacements leads to the following
integral equations.

Bending moment-curvature equations

∫ ∫
A

δκκκκκκκκκκκκκκ′T [Dbκκκκκκκκκκκκκκ
′ −m′]dA = 0 (6)

Curvature-defection equation

∫ ∫
A

δm′T [Lbw
′ − κκκκκκκκκκκκκκ′]dA = 0 (7)

Equilibrium equation

∫ ∫
A

[Lbδw
′]T m′dA +

∫ ∫
A

[Lmδu′]T Dm[Lmu′]dA −
∫ ∫

A
δuTqdA = 0 (8)

Eqs.(6)–(8) are the basis for the FE/FV discretization of the shell to be presented next.
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Finite element/Finite volume discretization

Let us consider an arbitrary discretization of the plate into standard three node triangles.
The curvatures and the bending moments are described by constant fields within
appropriate non-overlapping control domains (also termed “control volumes” in the
FV literature [25–27]) covering the whole plate as

m′ = I3m
′
p, δm′ = I3δm

′
p (9a)

κκκκκκκκκκκκκκ′ = I3κκκκκκκκκκκκκκ
′
p, δκκκκκκκκκκκκκκ′ = I3δκκκκκκκκκκκκκκ

′
p (9b)

where I3 is the 3 × 3 unit matrix and (·)p denotes constant values for the p-th control
domain.

Two modalities of control domains are considered: a) that formed by a single triangular
element (Figure 2a) and b) the control domain formed by one third of the areas of
the elements surrounding a node (Figure 2b). The two options are termed in the FV
literature “cell centered” and “cell vertex” schemes, respectively.

Note that in the cell centered scheme each control domain coincides with an standard
three node finite element triangle. Alternatively in the cell vertex scheme a control
domain is contributed by different elements, as shown in Figure 2b.

It is also useful to define the term “patch of elements” associated to a control domain.
In the cell centered scheme (Figure 2a) this patch is always formed by four elements
(except in elements sharing a boundary segment), whereas in the cell vertex scheme the
number of elements in the patch is variable (Figure 2b).

Figure 2. Cell centered and cell vertex finite volume schemes over triangles.
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The name “cell centered” (CC) indicates that the chosen variables (i.e. the curvatures
and bending moments) are “sampled” at the center of the cells discretizing the analysis
domain (i.e. the three node triangles). Similarly a “cell vertex” (CV) scheme denotes
that the variables are sampled at the corners (i.e. the nodes) of the discretizing grid.
This terminology has suffered some controversial interpretations in the past (for instance
in [25,26] a different criterion was chosen). The meaning given here to the CC and CV
schemes corresponds to above definition.

The constant curvature and bending moment fields within each control domain are
expressed next in terms of the nodal deflections associated to the corresponding element
patch.

The area integrals in eqs.(6)–(8) can be written as sum of contributions over the different
control domains taking into account eqs.(9) as

Constitutive equation

∑
p

∫ ∫
Ap

δκκκκκκκκκκκκκκ′Tp [Dbκκκκκκκκκκκκκκ
′
p − m′

p]dA = 0 (10)

where Ap is the area of the p-th control domain.

Recalling that the virtual curvatures are arbitrary, gives

m′
p = Dbp

κκκκκκκκκκκκκκ′p (11)

Dbp
=

1
Ap

∫ ∫
Ap

DbdA (12)

where Dbp
is the average bending constitutive matrix over a control domain. Eq.(11)

defines the constant bending moment field over the control domain in terms of the
corresponding constant curvatures.

Curvature-deflection equation

∑
p

∫ ∫
Ap

δm′T
p [Lbw

′ − κκκκκκκκκκκκκκ′p]dA = 0 (13)

Taking into account that the virtual bending moments are arbitrary, gives

κκκκκκκκκκκκκκ′p =
1

Ap

∫ ∫
Ap

Lbw
′dA (14)

A simple integration by parts of the r.h.s. of eq.(14) leads to

κκκκκκκκκκκκκκ′p = 1
Ap

∫
Γp

T∇∇∇∇∇∇∇∇∇∇∇∇∇∇′w′dΓ (15)
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where ∇∇∇∇∇∇∇∇∇∇∇∇∇∇′ =

⎧⎨
⎩

∂
∂x′
∂

∂y′

⎫⎬
⎭ and T is a matrix depending on the outward unit normal to the

boundary Γp surounding the control domain. For flat control domains

T =
[−nx 0 −ny

0 −ny −nx

]T
(16)

and n = [nx, ny]T is the outward unit normal to the boundary Γp surrounding the
control domain (Figure 2).

Eq.(15) defines the curvatures for each control volume in terms of the deflection gradients
along its boundaries. The transformation of the area integral of eq.(14) into the line
integral of eq.(15) is typical of finite volume methods [25–27].

The computation of the line integral in eq.(15) poses a difficulty for cases where
the deflection gradient is discontinuous at the control volume boundaries and some
smoothing procedure is then required. This issue is discussed in more detail in a later
section.

Equilibrium equation

Eq.(8) can be expressed as

∑
p

∫ ∫
Ap

[Lδw′]Tm′
pdA +

∫ ∫
A

[Lmδu′]TDm[Lmu′]dA −
∫ ∫

A
δw′qdA = 0 (17)

Integrating by parts the first integral in eq.(17) and recalling that the bending moments
are constant within each control domain, gives

∑
p

(
∫
Γp

[T∇∇∇∇∇∇∇∇∇∇∇∇∇∇′δw′]T dΓ)m′
p +

∫ ∫
A
[Lmδu′]TDm[Lmu′]dA −

∫ ∫
A

δw′qdA = 0 (18)

Substituting eqs.(11) and (15) into (18) gives finally

∑
p

(∫
Γp

[T∇∇∇∇∇∇∇∇∇∇∇∇∇∇′δw′]T dΓ
)

1
Ap

Dbp

∫
Γp

T∇∇∇∇∇∇∇∇∇∇∇∇∇∇w′dΓ+

+
∫ ∫

A
[Lmδu′]TDm[Lmu′]dA −

∫ ∫
A

δuTqdA = 0

(19)

The next step is to discretize the displacement field within each finite element. The
simplest option is to interpolate linearly the deflection field within each triangle in
terms of the nodal values in the standard finite element manner as
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⎧⎪⎨
⎪⎩

u′
v′
w′

⎫⎪⎬
⎪⎭ =

3∑
i=1

Ni

⎧⎪⎨
⎪⎩

u′i
v′i
w′

i

⎫⎪⎬
⎪⎭ (20)

where Ni are the linear shape functions of the three node triangle and (·)′i denotes nodal
values of the local displacements.

Substitution of eq.(20) into (19) leads, after the usual transformation to global
displacements, to the standard system of stiffness equations for the shell relating global
nodal forces with global nodal displacements.

Details of the derivation of the BST and BSN rotation-free shell elements based on
cell-centered and cell-vertex FV schemes are presented next.

2 Formulation of BST element

Figure 3 shows the patch of four shell triangles typical of the Cell Centered (CC) finite
volume scheme [18]. As usual in the CC scheme the control domain coincides with the
central element in the patch. Also in Figure 3 the local and global node numbering
chosen is shown. A clear definition of local and global node numbers is essential for the
derivation of the element stiffness matrix as shown next.

Figure 3. BST element. Control domain and four elements patch

Figure 4 shows the local element axes x′y′z′ where x′ is parallel to side 1–2 (or i − j)
and in the direction of increasing local node numbers, z′ is a direction orthogonal to
the element defining the unit normal vector n and y′ is obtained by cross product of
vectors along z′ and x′. A side coordinate system is also defined (see Figures 4 and 5)
including side unit vectors s, t and n. Vector s is aligned along the side following the
directions of increasing global node numbers, n is the normal vector parallel to the z′
local axis and t = n ∧ s.
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Figure 4. BST element. Definition of global, local and side coordinate systems

Figure 5. BST element. Transformation from side to local rotations

For simplicity let us express the local rotations θx′, θy′ along each side in terms of the
tangential and normal side rotations θs and θn. The transformation relating local and
side rotations is written as

θθθθθθθθθθθθθθ′
(e)

=
{

θx′
θy′

}(e)
=
[
cij −sij
sij cij

](e) { θsij

θnij

}(e)
= T̂ijθ̂θθθθθθθθθθθθθ

′
ij (21)

where θsij and θnij are the tangential and normal rotations along side ij of element

9
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e, θx′ = ∂w′
∂x′ , θy′ = ∂w′

∂y′ and c
(e)
ij , s

(e)
ij are the components of side vector s(e)

ij , i.e.

s(e)
ij = [c(e)

ij , s
(e)
ij ]T .

The local curvatures are assumed to be constant over the control domain formed by the
triangle ijk with area A(p). This allows to express the local curvatures by eq.(15) with

T =
[−tx′ 0 −ty′

0 −ty′ −tx′

]T
(22)

where tx′ , ty′ are the components of vector t in the x′, y′ coordinate system, respectively.

Recalling that θθθθθθθθθθθθθθ′ = [θx′, θy′]
T = ∇∇∇∇∇∇∇∇∇∇∇∇∇∇′w′ and substituting eq.(21) into (5), the local

curvatures over the triangular control domain can be written as

κκκκκκκκκκκκκκ′p =
1

A(p) [TijT̂ijθ̂θθθθθθθθθθθθθ
′
ijlij + TjkT̂jkθ̂θθθθθθθθθθθθθ

′
jkljk + TkiT̂kiθ̂θθθθθθθθθθθθθ

′
kilki]

(p) (23)

In the derivation of eq.(23) it has been assumed that the local rotations are constant
over each element side. This is a consistent with the linear interpolation chosen for the
displacement field. In eq.(23) T(p)

ij denotes the value of matrix T of eq.(23) over the
side ij of element p with length lij .

The tangential side rotations can be directly expressed in terms of the local deflections
along the sides. For instance, for side jk

θ
(p)
sjk =

w′(p)

k − w′(p)

j

ljk
for k > j (24)

Eq.(24) introduces an approximation as the tangential rotation vectors of adjacent
elements sharing a side are not parallel. Therefore the tangential rotations are
discontinuous along element sides, i.e. (see Figure 4)

θ
(p)
sjk =

w′(p)

k − w′(p)

j

ljk
�= w′(b)

k − w′(b)
j

ljk
= θ

(b)
sjk (25)

The authors have found that this error has little relevance in practice [18].

The normal rotation vector has the same direction for the two elements sharing a side
(Figure 4). A continuous value of the normal rotation along the side can be enforced
by defining an average normal side rotation as

θ
(p)
njk =

1
2
(θ(p)

njk + θ
(b)
njk) (26)

10
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Using eq.(21) the average normal rotation along the side can be expressed in terms of
the normal deflections as

θ
(p)
njk =

1
2

(
λλλλλλλλλλλλλλ

(p)
jk ∇∇∇∇∇∇∇∇∇∇∇∇∇∇′w′(p)

+ λλλλλλλλλλλλλλ
(b)
jk ∇∇∇∇∇∇∇∇∇∇∇∇∇∇′w′(b)

)
(27)

where
λλλλλλλλλλλλλλ

(p)
jk = [−s

(p)
jk , c

(p)
jk ] (28)

Substituting eqs.(24) and (27) into (23) and choosing a standard linear interpolation for
the displacement field within each triangle, the curvatures for the control domain can
be expressed in term of the normal deflection values of the patch nodes as

κκκκκκκκκκκκκκ′p = Spwwwwwwwwwwwwww
′
p , Sp = [S(p)

ij ,S(p)
jk ,S(p)

ki ] (29)

wwwwwwwwwwwwww′
p = [w′(p)

i , w′(p)

j , w′(p)

k , w′(a)

j , w′(a)

i , w′(a)

l , w′(b)
k , w′(b)

j , w′(b)
m , w′(c)

i , w′(c)
k , w′(c)

n ]T (30)

In (29)

S(p)
ij =

lij

A(p)T
(p)
ij T̂(p)

ij A(p)
ij

where Tij and T̂(p)
ij are given by eqs.(22) and (21), respectively. The form of matrix

A(p)
ij is deduced from eq.(23) and its expression can be found in [18].

The normal nodal deflections are related to the global nodal displacements by the
following transformation

wwwwwwwwwwwwww′
p = Cpap (31)

where Cp is a transformation matrix involving the components of the normal vector
[18] and

ap =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ui
uj
uk
ul
um

un

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

with ui =

⎧⎪⎨
⎪⎩

ui
vi
wi

⎫⎪⎬
⎪⎭ (32)

Substituting eq.(32) into (29) gives finally

κκκκκκκκκκκκκκ′p = Bbp
ap with Bbp

= SpCp (33)
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is the curvature matrix of the p-th control domain (i.e. the pth triangle). In eqs.(32)
and (33) ap is the vector containing the eighteen nodal displacement variables of the six
nodes belonging to the patch of elements associated to the p-th triangle.

Taking into account that the curvature and bending moment fields are constant over
each triangle the bending stiffness matrix associated to the p-th triangle is obtained
from the first integral of eq.(19) as

Kbp
= A(p)BT

bp
Dbp

Bbp
(34)

Details of the derivation of eq.(34) can be found in [18].

BST element. Membrane stiffness matrix

The membrane contribution to the BST element is simply obtained from the standard
Constant Strain Triangle (CST) under plane stress conditions. The local membrane
strains are defined within each element in terms of the nodal displacements as

λλλλλλλλλλλλλλ′ =
3∑

i=1
(LmNi)u

′
i =

3∑
i=1

B′(p)

mi
u′(p)

i = B′(p)

m a′(p)

m (35)

where

λλλλλλλλλλλλλλ′ =
[
∂u′
∂x′ ,

∂v′
∂y′ ,

∂u′
∂y′ +

∂v′
∂x′

]T
(36)

B′(p)

mi
=

⎡
⎢⎢⎢⎢⎢⎢⎣

∂N
(p)
i

∂x′ 0

0 ∂N
(p)
i

∂y′

∂N
(p)
i

∂y′
∂N

(p)
i

∂x′

⎤
⎥⎥⎥⎥⎥⎥⎦

, a′(p)

m =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u′(p)

i

u′(p)

j

u′(p)

k

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

and u′(p)

i = [u′(p)

i , v′(p)

i ]T (37)

In above u′(p)

i and v′(p)

i are the local in plane displacements along x′, y′ axis (Figure 2).

The membrane strains within a triangle are expressed now in terms of the eighteen
global nodal displacements of the four elements patch as follows

λλλλλλλλλλλλλλ′ = B′(p)

m Lpap = Bmpap (38)

where Lp is the displacement transformation matrix [18].

The membrane stiffness matrix associated to the p-th triangle is obtained as

Kmp = A(p)BT
mp

DmBmp (39)

12
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BST element. Full stiffness matrix and nodal force vector

The stiffness matrix for the BST element is obtained by adding the membrane and
bending contributions, i.e.

Kp = Kbp
+ Kmp (40)

where Kbp
and Kmp are given by eqs. (34) and (39), respectively.

Recall that the dimensions of the stiffness matrix Kp is 18 × 18 as it links the eighteen
displacements of the six nodes contributing to the control domain. The assembly of the
stiffness matrices Kp into the global equation system follows the standard procedure,
i.e. a control domain is treated as a macro-triangular element with six nodes.

The equivalent nodal force vector is obtained similarly as for standard Co shell triangular
elements. Thus, the contribution of a uniformly distributed load over an element is split
into three equal parts among the three element nodes. As usual nodal point loads are
directly asigned to a node.

Boundary conditions for the BST element

The conditions on the normal rotations are introduced when forming the curvature
matrix, whereas the conditions on the nodal displacements and the tangential rotations
are prescribed at the solution equation level.

Clamped edgeClamped edge (ui = uj = θnij = θsij = 0)

The condition ui = uj = 0 is prescribed when solving the global system of equations.
Note that, the condition θsij = 0 is automatically satisfied by prescribing the side normal
displacements to a zero value.

The condition θnij = 0 is imposed by making zero the second row of matrix A(p)
ij as this

naturally enforces the condition of zero normal side rotations [18].

Note that the control domain in this case has the element adjacent to the boundary
side missing. This has to be properly taken into account in the assembly process [18].

Simply supported edgeSimply supported edge (ui = uj = θsij = 0)

This condition is simply imposed by prescribing ui = uj = 0 at the global equation
solution level.
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Symmetry edgeSymmetry edge (θnij = 0)

The condition of zero normal side rotation is imposed by making zero the second row
of matrix A(p)

ij as described above.

Free edgeFree edge

Matrix A(p)
ij is modified by ignoring the contribution from the missing adjacent element

to the boundary side ij [18].

3. FORMULATION OF BSN ELEMENT

Figure 6 shows a typical vertex centered control domain surrounding a node and the
corresponding patch of BPN shell triangles. The following coordinate systems are
defined:

GlobalGlobal systemsystem: x, y, z, defining the global displacements u, v, w.

Figure 6. BSN element. Control domain and coordinate systems

LocalLocal elementelement systemsystem: x′, y′, z′, defining the element curvatures. Vector x′ is defined
along the direction of the external side of each element in the patch, z′ is the normal
direction to the element and the y′ axis is obtained by cross product of unit vectors
along the z′ and x′ directions.

NodalNodal systemsystem: x̄, ȳ, z̄, defining the constant curvatures field over the control domain.
Here z̄ is the average normal direction at the node, x̄ is defined as orthogonal to z̄ and
lying on the global plane x, z (if z̄ coincides with the global y axis, then x̄ = z) and the

14
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ȳ direction is taken as cross product of unit vectors in the z̄ and x̄ directions.

A constant curvatures field is defined over each control domain. For convenience the
curvatures are defined in the nodal coordinate system. From simple transformation
rules for each triangular element we can write

κ̄κκκκκκκκκκκκκ = R1κκκκκκκκκκκκκκ = R1R2κκκκκκκκκκκκκκ
′ (41)

In above

κ̄κκκκκκκκκκκκκ =
[
−∂2w̄

∂x̄2 ,−∂2w̄

∂ȳ2 ,−2
∂2w̄

∂x̄∂ȳ

]T
(42)

is the nodal curvature vector

κκκκκκκκκκκκκκ′ =
[
−∂2w′

∂x′2
,−∂2w′

∂y′2
,−2

∂2w′
∂x′∂y′

]T
(43)

is the element curvature vector and κκκκκκκκκκκκκκ is an auxiliary “global” curvature vector used to
simplify the transformation from element to nodal (local) curvatures. Recall that w′ is
the deflection in the direction of the z′ axis. The transformation matrices R1 and R2
are given by

R1 =

⎡
⎢⎣

c2
x̄x c2

x̄y c2
x̄z cx̄xcx̄y cx̄xcx̄z cx̄ycx̄z

c2
ȳx c2

ȳy c2
ȳz cȳxcȳy cȳxcȳz cȳycȳz

2cx̄x2cȳx 2cx̄ycȳy 2cx̄zcȳz cx̄ycȳx + cx̄xcȳy cx̄zcȳx + cx̄xcȳz cx̄zcȳy + cx̄ycȳz

⎤
⎥⎦ (44)

R2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c2
x′x c2

y′x cx′xcy′x
c2
x′y c2

y′y cx′ycy′y
c2
x′z c2

y′z cx′zcy′z
2cx′xcx′y 2cy′xcy′y cx′ycy′x + cx′xcy′y
2cx′xcx′z 2cy′xcy′z cx′zcy′x + cx′xcy′z
2cx′ycx′z 2cy′ycy′z cx′zcy′y + cx′ycy′z

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(45)

where as usual cx̄x is the cosine of the angle between x̄ and x axes, etc.

Let us write eq.(41) in integral form using the weighted residual method with unit
weight functions [1] as ∫

Ai

[κ̄κκκκκκκκκκκκκ − R1R2κκκκκκκκκκκκκκ
′]dA = 0 (46)

where Ai is the area of the i-th control domain surrounding node i. A simple integration
by parts gives (noting that the curvatures κ̄κκκκκκκκκκκκκ and the transformation matrix R1 are
constant within the control domain)

κ̄κκκκκκκκκκκκκi =
1
Ai

R(i)
1

∫
Γi

R2T∇∇∇∇∇∇∇∇∇∇∇∇∇∇′w′dΓ (47)
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where T is given by eq.(22). In the derivation of eq. (47) the changes of the
transformation matrix R2 across the element sides have been neglected. Note that
these changes tend to zero as the mesh is refined.

Eq.(47) can be computed by performing the boundary integral over the different
elements which contribute to the control domain of node i, i.e.

κ̄κκκκκκκκκκκκκi =
1
Ai

R(i)
1
∑
j

lj
2
R(j)

2 Tj∇∇∇∇∇∇∇∇∇∇∇∇∇∇′w′ (48)

where the sum extends over the number of elements contributing to the i-th control
domain, lj is the external side of element j (see Figure 6) and Ai is the area of the i-th

control domain Ai = 1
3

ni∑
j=1

A
(i)
j , where A

(i)
j is the area of the j-th triangular element

contributing to the control domain.

Substituting in eq.(48) the standard linear interpolation for the normal deflection w′
within each triangle gives

κ̄κκκκκκκκκκκκκi = Siwwwwwwwwwwwwww
′
i (49)

with

Si =

1 2 . . . ni[
S(a)

i , S(b)
i , . . . , Si

(r)
]

(50)

where ni is the number of elements in the i-th patch (for instance ni = 6 in the patch
shown in Figure 6) and superindexes a, b, . . . , r refer to global element numbers. Matrix

S(k)
i is given by

S(k)
i = F(k)

i [G(k)
1 ,G(k)

2 ,G(k)
3 ] (51)

with
F(k)

i =
lk

2Ai
R(i)

1 R(k)
2 Tk , G(k)

i = ∇∇∇∇∇∇∇∇∇∇∇∇∇∇′N (k)
i (52)

Vector wwwwwwwwwwwwww′
i is given by

wwwwwwwwwwwwww′
i =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

wwwwwwwwwwwwww′(a)

wwwwwwwwwwwwww′(b)
...

wwwwwwwwwwwwww′(r)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

1
2

pn

, wwwwwwwwwwwwww′(k)
= [w′(k)

1 , w′(k)

2 , w′(k)

3 ]T (53)

The final step is to transform the local nodal deflection vector wwwwwwwwwwwwww′
i to global axes. The

process follows the transformations explained for the BST element, i.e.

wwwwwwwwwwwwww′
i = Ciai , aT

i = [uT
i ,uT

j ,uT
k , . . . ,uT

pn
], ui = [ui, vi, wi]

T (54)
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In eqs.(53) and (54) pn is the number of nodes in the patch linked to the i-th control
domain (i.e. pn = 7 in Figure 6). Details of the transformation matrix Ci are given in
[18].

The curvature matrix is finally obtained by substituting eq. (54) into (49) giving

κ̄κκκκκκκκκκκκκi = Bbi
ai with Bbi

= SiCi (55)

The bending stiffness matrix for the i-th control domain is finally obtained by

Kbi
= AiB

T
bi
Dbi

Bbi
(56)

BSN element. Membrane stiffness matrix

The membrane contribution to the BSN element can be obtained from the stiffness
matrix of the CST element following the lines explained for the Basic Shell Triangle
(BST) in previous section. A difficulty however arises in the assembly of the bending
and membrane stiffnesses in this case as cell vertex control domains do not coincide
with triangles as in the BST element. This assembly is however possible by identifying
the membrane stiffness contribution to each nodal control domain.

An alternative and simpler assembly scheme can be devised by obtaining directly the
membrane stiffness matrix for each control domain following a similar procedure as for
the bending case. Details of this assembly scheme can be found in [18].

BSN element. Full stiffness matrix and nodal force vector

The stiffness matrix for a control domain characterizing a BSN element is obtained by
adding the membrane and bending contributions as

Ki = Kbi
+ Kmi (57)

Recall that in the BSN formulation control domains do not coincide with individual
elements as in the BST case. The stiffness matrix Ki of eq.(57) assembles all the
contributions to a single node and therefore it is already a global stiffness matrix. The
stiffness assembly process is therefore not necessary.

The equivalent nodal force vector for the BSN element can be obtained in identical form
as for the BST element, i.e. a uniformly distributed load is splitted into three equal
parts and assigned to each element node and nodal point loads are directly assigned to
the node at global level.
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Boundary conditions for the BSN element

The conditions on prescribed displacements are imposed as usual at the equation
solution level after the global assembly process.

Free boundary edges are naturally modelled by noting that the free boundary edge is
now part of the control domain boundary [18]. The conditions of zero rotation along an
edge are imposed when forming the curvature matrix by making zero the appropriate
row in matrix G(k)

j of eq.(52).

EXPLICIT DYNAMIC FORMULATION

The previous formulation of BST and BSN triangles has been extended for non linear
dynamic of shells using an explicit dynamic scheme. An updated Lagrangean description
has been chosen and material non linearities have been modelled with an hypoelastic
constitutive model. Details can be found in [19–24].

The basic steps of the explicit dynamic algorithm accounting for frictional contact
conditions are given next.

The discretized from of the dynamic equilibrium equation is written in the standard
form

Mä + p = f (58)

where M is the mass matrix, f is the vector of nodal external forces and p is the vector
of nodal internal forces obtained by assembly of the element contributions given by

p(e) = [ABT σ̂σσσσσσσσσσσσσ](e) (59)

In (59) B is the generalized strain matrix including bending and membrane contributions
and σ̂σσσσσσσσσσσσσ is the vector of resultant stresses (membrane forces and bending moments). Vector
σ̂σσσσσσσσσσσσσ is obtained by integrating the stresses across the shell thickness at each time step.
Details can be found in [19–24].

The solution steps are the following:

Step 1 Compute nodal accelerations

än = MD[fn − pn] , MD = diagM (60)

Step 2 Compute nodal velocities

ȧn+1/2 = ȧn−1/2 + än∆tn+1/2 (61)

Step 3 Compute nodal displacements

an+1 = an + ȧn+1/2∆tn+1 (62)
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where

∆tn+1/2 =
1
2
(∆tn + ∆tn+1) (63)

Step 4 Compute strains, stresses and resultant stresses σ̂σσσσσσσσσσσσσ at n + 1

Step 5 Compute internal force vector pn+1

Step 6 Check frictional contact conditions. For details see [19–24].

Step 7 Compute external force vector fn+1.

Restart the process at Step 1 for the next time step.

Clearly one of the drawbacks of the explicit integration scheme is the conditional
stability which limits the time increment to

∆t ≤ 2
wmax

where wmax is the highest frequency of the discrete system. The value of wmax can be
bounded by the maximum natural frequency of each individual element [1].

NON LINEAR QUASISTATIC ANALYSIS

Flores and Oñate [28] have recently extended the rotation-free shell triangle for large
strain plasticity analysis using an incremental quasistatic formulation based on a total
Lagrangian description. Large strain plasticity is treated using a logarithmic strain-
stress pair. A plane stress isotropic behaviour with an additive decomposition of elastic
and plastic strains is assumed. An hyperelastic law is considered for the elastic part
while a von-Mises yield function with non linear isotropic hardening is adopted for the
plastic part.

Details of the quasistatic implicit formulation of the BST element for large strain
plasticity analysis can be found in [28].

EXAMPLES

Cylindrical shell under central point load

Figure 7 shows the geometry of the shell, the material properties and the loading. The
problem has been studied with the BST and BSN rotation-free shell triangles using
structured and non-structured meshes.

Figure 7 shows the convergence of the central deflection obtained using structured
meshes. The reference solutions were obtained from [29,30]. Numerical results for
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the two rotation free shell triangles compare well with those obtained with the DKT-15
[19,31] element also shown.

A plot of the distribution of the bending moment My′ along the central edge AB is
shown in Figure 8.

Figure 7. Cylindrical shell under central point load. Error in vertical displacement of point A
for different structured meshes of BSN, BST and DKT-15 elements

Spherical cap under uniform impulse loading. Explicit dynamic solution

This example shows the efficiency of the new BST and BSN rotation-free shell triangles
for explicit dynamic analysis of shell structures.

The problem description and the mesh of 800 triangles (1082 dof) used to discretize
the spherical cap are shown in Figure 9. Fourfold symmetry was used. A uniform load
of 600 psi was applied over the cap as shown. Both elastic and elasto-plastic materials
with the material properties given in Figure 9 were considered. The results for the

20



IASS-IACM 2000, Chania – Crete, Greece

Figure 8. Cylindrical shell under point load. Distribution of M ′
y bending moment along side

B-A for BSN, BST and DKT-15 elements

Figure 9. Spherical cup under uniform impulse loading. Geometry, material properties and
triangular mesh for analysis with BST and BSN elements

central deflection obtained with the BST and BSN elements are compared in Figures
10 and 11 to those obtained with the DKT-15 element [19,31] and with results reported
in references [32,33]. Note the accuracy of the new rotation free triangles for both the
linear and non-linear solutions.
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Figure 10. Spherical cup under uniform impulse loading. Evolution of central displacement;
Elastic solution

Figure 11. Spherical cup under uniform impulse loading. Evolution of central displacement;
Elastoplastic solution. Results obtained with BST, BSN and DKT elements are
compared with those obtained by Bathe [32] and using the explicit dynamic code
WHAMS [33]
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Figure 12. Pinched hemispherical shell. (a) Geometry and deformed shape for λ = 100
(b)displacements of loaded points vs. load factor; (——) present element; ( ) Target
results; (◦) results of Ref.[35]

Pinched hemispherical shell. Quasistatic incremental solution

This example was also presented as a benchmark in [34] and analyzed in [35]. An
hemispherical shell of radius r = 10 and thickness h = 0.04, with a 18o hole at the pole
and free at all boundaries is subjected to two inward and two outward forces 90o apart.
The material properties are E = 6.825×107 and ν = 0.3. Only one quadrant is modeled
due to symmetry with 640 BST elements (1036 DOFs). Figure 12 shows the geometry
and discretization used; the deformed geometry (without magnification) is also shown
for F = 100. Figure 12 also plots the displacements of the loaded points as a function
of the load factor. BST results have been obtained with the quasistatic incremental
implicit formulation described in [28] and they compare very good with target results
obtained with ABAQUS [36] and results from [35].
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CONCLUDING REMARKS

A general methodology for deriving rotation-free shell triangles has been described. The
two element families here presented result from combining cell centered and cell vertex
finite volume schemes with finite element interpolations over triangular elements. The
simplest elements of these two families, i.e. those corresponding to a linear displacement
interpolation, have been described in some detail. The resulting shell triangles are simple
and unexpensive as they only involve translational degrees of freedom as nodal variables.

The performace of the new rotation-free shell triangles has been found to be very good
in all cases studied. The elements seen particularly promising for competitive analysis
of large scale non linear shell problems.
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