
Inelastic models based on additive 
strain decomposition  (plastic material)

 Total strain is decomposed into elastic and inelastic strain counterparts:

 Isothermal case: 

 Variables definition
 Free variables:

 Internal variables: and evolution equations

 Dependent variables
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 Helmholtz free energy:

 Dissipation: 
Replacing the free energy, in dissipation yields: 

REMARK
The following expressions are used:

and
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Additive strain decomposition
(elasto-plastic material)



Coleman’s Method

 Theorem:
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 Using the Coleman’s theorem for the plastic material model:

and differentiating the Helmholtz free energy
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Additive strain decomposition
(elasto-plastic material)



 Variables sets:
 The strain is the free variable

 The internal variables are given by:

 The stresses are dependent variables

 Potential
 The free energy is required:

Coleman’s theorem
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constitutive equation?

Strain driven models



Stress driven models

 Variables sets:
 The strain is the free variable

 The internal variables are given by:

 The stresses are dependent variables

 Potential
 The Gibbs potential is required: 

and its time derivative equation is:

Substituting it in the dissipation yields:
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 Given      , define
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 Variable sets definition
 Free variables:
 Internal variables:
 Dependent:

 Potential
 Gibbs energy :

 Dissipation 
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Isothermal case
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Elastic material model (stress driven)



Elastic material model (stress driven)

 Linear elastic case:
 Gibbs energy :

 



10
0

1 1 1
0

(

1 1 1
0 0

1 1

1
1

: :
1 )2:

( )1( ) : : : ( ) :
2
1 1 1( ) : : : : :
2 2 2

1 1( ) : ( ) ( ( )) : : : : : :
2 2

s s

s: :s
s

s s

s s : s = s : : s

s s s s s s s s sG

I

σ

σ

εε ε ε ε ε
ε

ε ε

ε ε

ρ ψρ ψ

ρ ψ

ρ ρ ψ

−

− − −

− − −

− −

−
−

∂ = → = = → = ∂

 = =


= − = − =

 



  

    


  

10

Constitutive equation
( ) :sG σ

σ
ε ρ −∂= =

∂




Dissipation

0=

D 1

Gibs potential
1( ) : :
2

s s sG −=







Inelastic Material

 Variable set definition
 Free variables:

 Internal variables:

 Dependent:

 Potential
 Gibbs energy :

 Dissipation 
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Inelastic Material

 Using the Coleman’s method:

Differentiating the Gibbs potential
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 The total stress is decomposed into elastic 

and inelastic counterparts

 Isothermal case: 

 Variable set definition
 Free variables:

 Internal variables: and evolution equations

 Dependent variables:

 
Elastic Inelastic
stress stress
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Inelastic models based on additive 
stress decomposition  (plastic material)
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REMARK
The following expressions are used:

and

 Potential

 Gibbs energy:

 Dissipation: 
Replacing the free energy, into the dissipation yields: 
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Inelastic models based on additive 
stress decomposition (plastic material)



Plastic Material

 Using the Coleman’s method for the thermo-elastic material model:

differentiating the Gibbs potential
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Rheological models

 Elastic element

 Elastic model

 Stress driven model                  ,               and

 Strain driven  model                  ,                 and
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Rheological models

 Viscous element

 Viscous model

 Stress driven model:         
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REMARK
Positive dissipation (2nd. principle) translates into restrictions on the physically 
meaningful values  of the material properties.
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 Viscous model

 Strain driven  model    

Rheological Models

A strain driven version of the model has 
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Elastic

Maxwell’s model

 Viscous Model

 Strain driven model
 Variable sets definition

 Potential
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Maxwell’s model

 Constitutive equation

 Dissipation

 Stress driven model
 Variable sets definition
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Maxwell’s model

 Potential

 Constitutive equation

 Dissipation

(1) 1
0

1( , ) : :
2

Gρ −= σ σ σβ

( 2 )
0 ( , ) :Gρ =σ σβ β

1
0

1( , ) : : :
2

Gρ −= +σ σ σ σβ β
Elastic

Viscous

(1) ( 2 )
0 0 0( , ) ( , ) ( , )G G Gρ ρ ρ= +σ σ σβ β β

10 ( ) :Gρ −∂= = +
∂

σε σ
σ

, β β 1

Constitutive equation

1:
η

−= +


 ε σ σ

1

1
:

η

−

=

= +  ε σ

σ

β


0

1

( ) : 0G

η

ρ

=

∂= = ≥
∂

  σ σ

σ

, β : β β
β

1 : 0
η

= ≥σ σ 0η ≥



 Stress driven model
 Variable set  definition

 Potential

Kelvin’s model
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Kelvin’s model

 Constitutive equation

 Dissipation

 Strain driven model
 Variables set definition
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