CH.2. CONTINUUM
DAMAGE MODELS
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- 2.1 Introduction

Ch.1. Continuum Damage Models



Continuum Damage Models

Phenomenological approach

J =F/S
Damaged section: & T T T T T T T
Effective section: S=S-&
Effective stress: G =Es¢
Equilibrium F=6S=0S T
Apparent (observed) stress o (1 P p—
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=1 Physical Interpretation N,
Remark

()

Ratio of the damaged area over the 777777777777777

total area at a local material point

d(t)=d(S, (1) =

)

o1 Limits of the damage parameter

0<S,<S =) 0<d<1

Undamaged state

mm:%:o

d(Sd) :g =1 Fully damaged state

Remark

d is a scalar variable that accounts for the
micro-cracks or micro-voids independently of
their orientation (isotropic damage models)
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Damage parameter
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- Properties d1{ 7/7/7777777/77
Damage must always increase | ;
>0 ! S
~
S, (t ot
d(t): d():>d: d()ZO
S
2" Law of Thermodynamics >

& (3
Damage or (degradation) is initiated when the strain (or stress) exceeds the
initial damage threshold (SO,O'O)

d=0 if e<g, o o0<0,



Continuum Damage Models
o

1 1D Stress-Strain damage constitutive model

G:(l—%d)Ee:(l—d)Ee=Ede

Remark _
Unloading does not produce healing (d = O)



Continuum Damage Models

c=(Q1-d)Ee=F_ ¢
E
3D Stress-Strain d

The constitutive equation takes the following form:
oc=01-d)C:e=C":e=(1-d)7

4 Ce

0 =C:e—effective stress

C'=@1-d)C=1-d)[A1®1+2uI]

The damage parameter is subjected to the same restrictions:

d>0
0<d<1



Constitutive equation in a thermodynamic

framework
_—

o Variable space definition:
The strain is the free variable = {8}

There is one scalar internal variable: 7 :={r}

m Evolution equation = Z(E, r)
Dependent variables 2 :={c(e,r),y(e,r),d(e,r)...}
1 Potential

Free energy
w(e,d(r)) = (1A-d(r)y,(e) =1~ d(r))%(8 .Clg)

o 2w dn) v d(n)
o€ od




Constitutive equation in a thermodynamic

framework g dvEdn) . oy(e d(r)
7 o€ : ad

o Dissipation Z2=0:€-\y=20 VE

p:(o—a‘/’(e’d(r»):e—a"’(e’d(r))d(r,r’)zo Ve
o€ od

y(e,d(r))=A-d(r)y,(s) = 1- d(f))%(s .C:e)

¥y ()20

Coleman's method

o= dy(e, d(r) _ (1—d(r)) IY,(e, d(r)) _ (1-d(r)C e
o€ o3

_ oy, d(M) s _. :
D= = d ggdzo |:> d>0

Remark

Second principle postulates that healing (d <0) is not physically meaningful




Constitutive equation-additional elements:
stress/strain norms

1 STRESS NORM
_=~o:M:c =|o]

o+f>0

Defining M =a1®1+ S1 with 520
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stress/strain norms

Constitutive equation-additional elements
" STRAIN NORM
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Constitutive equation-additional elements:

stress ‘ strain norms
e

-1 REMARKS
o 1) Taking

z'a:\/()':(C_lio':m
M=C # ngJg,-C:ez\/ZWO(S)

o 2) Relationship between the norms

-

7 =(0:C™: G)% =\/(1-d)28 (C:C*:0):e=(1d)Ve:C:e =(1-d)z,
T

E

o=(1-d)C:e

» TO' = (1_d)Ts




- 2.2 Inviscid damage model

Ch.1. Continuum Damage Models



Constitutive equation-additional elements:

damage criterion
-

1 Damage function (in stress space)
f(o,r)=17,-q(r)

where ((r) is the hardening variable
u and controls the size of the elastic O Not feasible

domain f<0-7,<q ° *f>057 >q
o1 Elastic domain (in stress space) aEG
E, ={ceS|f(o,r)=7,—q(r) <0}
71 Damage surface (in stress space) \\ O,
JE, ={ceS|f(o,r)=7,-q(r)=0} f=0—-7_=q



onstitutive equation-additional elements:

amage criterion

1 Damage function (in strain space)

d(e,r)=7,—r

o1 Elastic domain (in strain space)
E, ={eeS|g(e,r)=7,-r<0
7 Damage surface (in strain space

JE, ={eeS|g(e,r)=7.-r=

Not feasible

*g>0—>7, >r

7



Constitutive equation-additional elements:

elastic domains relationship
-

1 THEOREM : The elastic domains ins stress and strain spaces are

equivalent, i.e.:
If ce E, ek,

1 Proof

f((j’r):z'a_q(r)<0 |:> E0:={068|f(a,r):ra—q(r)<0}
g(e,r)=7,-r<0 =) Eg::{geS|g(g,r):rg—r<0}

6eE, & f(0,1)=7,-q(r) =(-d)7, - (A-d)r =(1-d) (z, 1) <O
A o) 20 g(en<0

N

7. =(1-d)z,
cecE, o 9(er)<0s=ceE,
P )

r

\



Constitutive equation-additional elements:
hardening /softening variable
]

1 Evolution of the internal variables
Complete damaged

state
F=Aer)20, r|_=r,>0 relr,]
t=0 Material property,

7 Damage variable undamaged state

d:=1—@ 0<d<1 q(r)

q(r)=r, —d(r,) =0

Hardening

1 Hardening parameter

H >0 i
ardenin . Softening
g o dq(r) _ q(r) Hardening :
dr :
H<O -

Softening r
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Softening
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Constitutive equation-additional elements
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Constitutive equation-additional elements:
hardening /softening variable

1 Conditions for the Hardening modulus

" q(r) .
jair) =1-—= =) - 9N-ar f>0 m A()2a’(n)r
: I >0 H
d=>0 >0

H <
—> r




Constitutive equation-additional elements:
elastic domains relationshi

01 Elastic domain (in stress and strain spaces)

Stress space — E, Strain space — E,
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T
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r>20= Eg always grows, regardless
hardening or softening take place




Constitutive equation-additional elements:
-Ko rush /Kuhn /Tucker conditions

1 GEOMETRICAL POINT OF VIEW
Representative pointsi n the stress/strain spaces

Stresg/stran {G
{—
paths

o) o
- t+At—>{ trat t+2Ata{ et
£

8t 8t +At

1. Wile the point remains inside the elastic domains the internal
variable does not change (neither the elastic domain)

c,€E_(1)
%
o, € E, (t)=E_(t+At)

s &



Constitutive equation-additional elements:

Karush ‘ Kuhn ‘Tucker conditions
.

2. As the point has reached the boundary at time t — (o, € JE_(t))

a)  The point moves inwards (then the internal variable doeg2 not change)

AO-Z ) - . A /‘/ o
Gte an_(t) ” ‘ P RGN = . §=65=4
= = T.=I
Ot € Eo‘ (t) = Ea (t + At) Ts = ¢
' g
=r=0

b)  The point moves outwards (then the internal variable changes and the
elastic domains evolve)

c, € dE_(t) | | & oA
O, € OE_(t+At) AR ‘ 2K g =

=TI #0




Constitutive equation-additional elements:
-Ko rush /Kuhn /Tucker conditions

1 MATHEMATICAL EXPRESSIONS OF THE K-K-T CONDITIONS

A20; g<0 ; Ag=0-— Loading/unloading conditions
forg=0 Ag=0 — Pergstency/consi stency conditions

Instantaneous elastic state

g <0 A =r =01, =L +RAt=T, No evolution of the E.(t+At)=E_(t)
— —
elastic domains E (t+At)=E_(t)

< Y e Y
4870 "4 =Hr =0-[q,, =g +4At=q

& =E,=&



Constitutive equation-additional elements:
Karush /Kuhn/Tucker conditions

b) Instantaneous inelastic state (damage)

c,€dE_(t) —>|g,=0[—> A4g, =0
persistency
=0 <0
0,<0—>4d,., =9 +9At<0— €eastic unloading
=0 =0
—:0,=0—>0, ., =0 +gAt=0— loading
=0 >0

A —

g,>0—09, =0 +9At>0— unfeasble




Constitutive equation-additional elements:

Karush /Kuhn /Tucker conditions

1. Elastic unloading g=0 A1g=0

), <0 — =q, +¢ -
G Qiaa =G T 9; At<0 theinterior of E,(t+ At)
<0

g =0 {Poi nt evolves towards

219;:0%

r ¢ =Hr.=0—|q,, =0 +GAt=q dastic domains E_(t+At)=E_(t)

A =1 =01, = +hAt=r, {No evolution of the %{ E,(t+At)=E,(t)
%




Constitutive equation-additional elements:
Karush /Kuhn /Tucker conditions {ﬂzo; 0<0 : Ag=C

g=0 4g=0
0, G =0 | _, | Pointremainson the G =0 A, =0— Neutra loading
G = Orat = G+ % A= 070 h indary OE. (t + At) 9%)_ A, >0— Pureloading
-0 -

B Nevutral loading

E,.(t+At)=E_(t)
E (t+At)=E_(t)

ﬂt = rt =0— foat =0+ ftAt =T No evolution of the
—
gastic domains

¢ =Hr=0—>|0,, =0 +GAt=q,

)
S ——

Remark

Point moves on the boundary of the stationary domains Ea (t), Eg (t)




Constitutive equation-additional elements:

Karush /Kuhn /Tucker conditions

2. Lloading
g, =0

=0

—3_, . . Point remains on the 26 =0
9 = Qt+At:9t+g5At:0 boundary JE, (t + At) g%)_ A, >0— Pureloading

B Pure loading

A=1>0->]r,, = +rAt>r|— E, expands

(expands

=Hr#0—-|q,, =0 +GAt#q|—>E, or

o

O:  SOFTENING

L o=0,=0,

| shrinks

A =0— Neutrd loading

Evolution of the E, (t+At) = E_(t)
elastic domains E_ (t+At)=E_(1)
&

O; HARDENING

'



Isotropic continuum damage model

- (Summary)

1 Free energy
p(e,d(r))=1-d(r))y,(e) = 1- d(r))%(s .C g)

1 Damage variable

d:=1—@ 0<d<1 q(r,)=r, ford =0

r1 Constitutive equation

o= al/j(e’ d(r)) — (1_ d(r)) aV/o(e, d(r)) — (1_d(r))<c ‘€
oe oe



Isotropic continuum damage model

(Summary)
-1 Evolution equation
f=Aer)=0, r|_ =r, re[r,e]
1 Damage criterion
f(o,r)=7,—q(r)<0 |:> 7 =0:C":0 =/2G(0)
g(er)=7,-r<0 I:> 7.=\e:C:ie =2y, (c)
11 Loading/unloading conditions

A>20; g<0 ; Ag=0- Loading/unloading conditions
forg=0 A¢g=0 — Pergstency/consistency conditions



Isotropic continuum damage model

‘Summqrm
s

o1 Hardening /softening law

dq(r ,
H = (21( ) =4 (r) H <0 I_II-|<:||'><:|e(n)ing
r Softening

Hardening

Softening






