
Integration of the constitutive equation

REMAINDER ON NUMERICAL INTEGRATION
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Integration of the evolution equation

a) ELASTIC STATE

b) INELASTIC (DAMAG
b-1) UNLOADING

( )
No evolution of 

( ) ( )

E) 

( ) No evolu

( )

STATE

t t
t t t t

t

t t t t

t t

t

g r t
r r r

t r t

g t r r
g r

t r

e e

e e

e

e

e

ì º t - < ìt <ï ïï ï l = =   = í íï ït < t ³ïîïî

º t - <  l = = 

ì º t - =ïï íï t =ïî

0 0
0 0

0

0 0

0


 



   tion of ( )  

No evolution of 
b-2-1) NEUTRAL LOADI

( )  
( )

( )  Evolution 

NG

b-2-
b-2) LOADIN

2) PURE LOADIN
G

of 
G

( )  

t t

t t t t

t t

t t t t

r r t

r r r t
g t r

r t r r t

e

e

e

e e

 =  t <

l = =   =  t =


º t - =
l = = t >   = t ³

0 0

0 0 0

0

0 0

 

  

 
  

Time
integrationLoading/Unloading

equations

( , )0 ; 0 ; 0
 ( )

0 0 ( ) 0
t t t tt t t t

t t
t t t t t

r rg g
r f

g g g t rε

λ ελ λ
ε

λ τ

=≥ ≤ = → → = = = ≡ − ≤ 







1) the initial value of   is 
2) the initial value of is ( )
)  never decreases ( )

SUMMARY :
) is always smaller or equal than   (g )

if grows
5) When equals  then

if d

or r

r r
r r

r
r

e e

e e

e e
e

e

>
t t =
³

t º t - £
t  t = ³

t
t

0

0 0

3 0

4 0

0




ecreases ; re

ìïïíï  t < =ïî 0 0

0

0historical m áxim um  of  [ , ( )]

( ) m ax( , ( )) [0, ]
r s

r t r s s tε

ετ

τ= ∈
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Tangent constitutive operator 
(definition)
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 Derivation

 Elastic regime/Unloading/Neutral loading
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(analytical derivation)
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Tangent constitutive operator 
(analytical derivation)
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Tangent constitutive operator 
(analytical derivation)
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Integration of the constitutive equation:
Identification of the current state

Identification at the end of the current time interval) 
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Integration of the constitutive equation
Numerical algorithm:

:
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Numerical algorithm:



Characterization of the 
Hardening/Softening law

 Linear hardening/softening
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Characterization of the 
Hardening/Softening law

 Value of
It is computed from the 1D case 
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Characterization of the elastic domain

1. Symmetric (tension/compression) model
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Characterization of the elastic domain

1. Tensile-damage-only model
 Positive counterpart of a scalar function (McAuley bracket)

 Positive counterpart of a stress tensor 

0
0 0
x x

x
x

>
=  <

x

x

[ ] [ ]

[ ] [ ]

[ ]



1

2

3

1

2

3
Positive
counterpart
of 

:

diagonalization

return to original

system of

coordinates

0 0
0 0
0 0

0 0
0 0   
0 0

diag

diag

In matrix format

σ

σ
σσ σ

σ

σ
σσ σ

σ

+ +

 
 → → =  
  

 
 = → → 
  



Characterization of the elastic domain

 Strain norm redefinition
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Characterization of the elastic domain

a) If

b) If 
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Characterization of the elastic domain

 Non-symmetric tension-compression model

1

1
1 2 33 3

1
1 1 1 2 3
3 3

1 1

1 : :
, , 0 1 : :

1, , 0 0 : :i i

i i

n

n

σ

σ

σ

θτ θ
σ σ σ θ τ

σ σ
σ σ σ θ τθ

σ σ

−

−

−

 − = +     > → = → = → 
< → = → = = = 




 

 






σ σ
σ σ

σ σ

1σ

2σunσ−

σ

ε
E

unσ−

uσ

uσ
uσ

unσ−



2.2 Viscodamage model

Ch.2. Continuum Damage Models



Model characterization

 The rate effects can be accommodated into the inviscid damage 
model (rate independent)
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Model characterization

 Visco regularization (Perzyna’s Regularization)
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Model characterization

 Remark 3

Loading/unloading conditions

Persistency conditions
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Model characterization

 Remark 3

For            and          then

The stress/strain state can lay outside the elastic domain
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Free energy and dissipation
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 Tangent constitutive operator
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Time dependency/Rate dependency
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