Integration of the constitutive equation

T I —————
REMAINDER ON NUMERICAL INTEGRATION

o1 Analytical integration

f (x(t),x(t))=0

}» x= f(t) Exact/closed-form solution (not always

X|t=0 = Xy possible)
( i=N
7 Numerical integration [0,T] = U [t.t..]
i=1
t tl t ,,,,,,, t| ....... t 3 H H ", n
0 L 2eeree D e N [t.,t..,] > Timeinterval/step "i+1
t=0  t=T (At =t,, -t — Time increment
x(ti+1) =X_,=0 (xI X Xi s, ) Approximate solution (depending on

the values at previous discrete times)



Integration of the evolution equation

]
: Time
Loading/Unloading [ 4 >0 ; g,<0 ; Ag, =0 f=4(&.1) niegation e)
— — r="f(g
equations g =0 49 =0 g, =|7.(t)-r. <0 t t

a) ELASTIC STATE

gt ETE—I’t <0
Ta(t)<rt

T () <0
7. (t) >0

— X\ = I, =0 — Noevolution of r, — r‘t:0—>{

b) INELASTIC (DAMAGE) STATE
b-1) UNLOADING
G=T7.0)—h<0— X =1 =0— Noevolutionofr, — |, =0 — 7.(t) <0

g =T.—1 =0 b-2-1) NEUTRAL LOADING
T.()=r b-2) LOADING At = =0— Noevolutionofp, — |, =0—7.(t) =0
g =+ ()—F =0 |b-2-2) PURE LOADING

A =Tl =71.(t) >0— Evolutionofr, —|f, =1.(t) >0




Integration of the evolution and

constitutive equations
-h

1) theinitia valueof risr, >0
2) theinitial valueof t_ist.(0) =0
3)r never decreases (r > 0)

SUMMARY : _
4)t_isawayssmaller or equa thanr (g=7.—r <0)
if rows — 7. =1 >0
5) When . equalsr then]. ° JOWS ™ T L
If 7. decreases — 7. <0; r=0
r(t)= max(ry,,7,.(s)) se[0,t] r r
historical méxinﬂm of [ry,7s(S)] o
g, —7.(9)—>r —q=q)— /
r _/ N\ 7
0 \ /
d, —1-4 —0o,=(1-d)C:¢, J/ \ ’
r , oLl
The integration is exact (closed form). |' >

No dependence on At t



Tangent constitutive operator
(definition)

g(x,t) > o(x,t) =Z(g(x,1))
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Tangent congtitutive operator — <

Tangent constitutive operator




Tangent constitutive operator

(analytical derivation)
-

o1 Tangent constitutive moduli

o(z(t) £) =(1-d()Ce):e  [do(e(t)) =Clye): e

do(e) _ 9., do do(s) . de

tang (8) G( 8) _ _

o€ at de

o Derivation 6=(1-d)C:é- dC:e=C"

tang *

O

Elastic regime /Unloading /Neutral loading

f=0>d=0->06=(1-d)C:¢
%f_/
(C?mg

tang =(1-d)C=C:_ (secant constitutive operator)
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de =
C?mg ot

=6, =C!

tang

(1),




Tangent constitutive operator

(analytical derivation)

Inelastic regime-loading

T.(t)=r,
<
7,=1>0

(d(r)=

. O

d(t)=d'(r)r =

_q(r)
r . —
H Slde =921 50
TN r
—q'(r)r+q(r) |
2
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Tangent constitutive operator
(analytical derivation)

Hr—q_

r3

6=(1-d)C:¢-dC:e=(1-d)C:¢-dG ; d=-
© o®d
: . g-Hr___ ..
6=(1-d)C:é- 5®(G:A):&=[(1-d)C— =

(0'®[0'A])] e=C2 ¢

tang *

d
<Ctang

tang

(e) = (1— o|)<c:—qr3le (G R[G:A])

A=M:C c.A=0cl=0
r(1—d)<C — (eastic/unloading)

(tens on/compression)

Symmetric modd {M:Cl {Az@l:C:]I ¢
— —

tang (8) =

(1—d)(C— q_r?!_lr (6 ®G) — (loading)



Integration of the constitutive equation:
ldentification of the current state

]
|dentification at the end of the current time interval) [t,t + At]
1) Elastic
(
Qieat = Te,, ~ Twar < 0
<r :rHAt_rt:O%r :I"%Tgtﬂt—rt<0%r€t+m<rt
| t+At At t+At t

2) Unloading/Neutral loading

Quiat =T, ~Tea = 0
3 -7, —-r=0->|t, =7
I — T € t £ t
d — t+At t _ t+At t+At
\rt+At - At =0—- rt+At - rt
3) Loading
Qiiat =7, ~Teat = 0 rL, >
)¢ Moar — o —r > r = (Te ~
leoae = A >0—=>r1,,>1, fne At t




Integration of the constitutive equation

Numerical algorithm:

]
INPUT DATA [t,t+At] > &,1,,&.,,,

Crn=Clg,
Tene = \/8t+At Creg = \/8t+At - O (At

Elastic
Step2— If 7, <r, — |Unloading
Neutral loading

Step 1 - Com pute{

Feoat =T

t - EXIT
—d =1- q(rt+At)
t

dt+At
— PN

Ot = (l_ dt+At)Et+At

(Cd )t+At =(1- dt+At) C

tang




Integration of the constitutive equation

Numerical algorithm:

U

Step3 - If 7

>r, — (Loading)

Eirat

rt+At _ TSHM

d — 1_ q(rt+At)
t+At

rt+At

Ciiat = (1_ dt+At)6t+At
) - H t+Atr

AL ((_yt+At ® 6t+At)

r+
(Cd )t+At — (1_ dt+At)C — q( AL

tang

3
(rt+At)

d

OUTPUT DATA [t,t+ At] —» rt+At’Gt+At’(Ctang

)t+At

— EXIT



Characterization of the
-Hordening/Sof’rening law

01 Linear hqrdgning/sof’rening

q(r):q(r):<rO+H(r_r0) re[rO’rl] (r1:r0+Hi(qoo_rO)

q.>0 refr,o)

H — dQ(r) H re [rO’rl)
- 0 relr, o)

r 9) Hardening
q( ) H>0
q'(r)>0
Hardening H=0
£ Ol : . H<0
: d E.=(1-d)E Softening
Softening e g
q'(r)<0 ;




Characterization of the

Hardening /Softening law
e

-1 Exponential hardening /softening

r q(r)
A(l-—) q'(r)>0

a(r)=9.-(a.-r)e ° (A>0) A

H (r) _ d(il(rr) (q r_r ) A(l__) I

Hardening

Softening

q.

q'(r)<0




Characterization of the

Hardening /Softening law
e

= Value of I, o, 0 O
It is computed from the 1D case c,=6,=|0 0 O
O 0 O
o e axial elastic limi
- — o, = uniaxial elastic limit
r=7,=ve:C:e=+0:¢
- 1 O
o, 0 0] GE 0 0
6,=| 0 0 O0|—>¢g, = 0 0 0O
000 0 0 0] O} . p
) .
E
—— O,
I’O: Gu.ﬁu:\/E E =




Characterization of the elastic domain

5 |
Elasticdomain > E_ ={ce S| f(o,r)=7,-q(r) <0}

1. Symmetric (tension/compression) model

M=C"*

T, -Jo:C':o =(1-d)r,=(1-d)Ve:C:¢
7, =+e:C ¢

v

Remark

Equal tension and compression
elastic limits.



Characterization of the elastic domain

Tensile-damage-only model

Positive counterpart of a scalar function (McAuley bracket)

X x>0
O

Positive counterpart of a stress tensor

(%)

In matrix format:

oo 0 O
[ o] — diagonalization — [O']diag =10 o, O
0 0 o,
_<0'1> 0 0 | retuntoorigina
[6li=| O (o) 0 |> ssemof  — [o]'
i 0 0 <0'3>_ coordinates Egﬂgr—%‘aﬂ

of [o]



Characterization of the elastic domain

In tensor form at:

3\

eigenvector"i"
i=3 1
— =
o = Z o.p: ®p, o and 6 havethe same eigenvectors
i—1 ——
| eiéenvalue"i" > — |0~ sharesthe positive eigenvalues of &
i=3 o hasthose negative eigenvalues of ¢ null
+ _ N N
Y _Z<O-i>pi ® p,
i=1 y
6=01-d)6 = oc*=(@1-d)5"
%/_J
>0
Strain norm redefinition =7
rf=+o":C o =4(1-d)?6" :C g =(1-d)Vo :C g =(1-d)r’
1
7 =(6":C":6)2=~G" ¢
%/_J

&



Characterization of the elastic domain

1]
c,>0> 0,=0| _

a) I ! ! 1+ Puretensilestate - o = o'
722070270 j%z'*:\/G“C_l'G:T
0,>0->0,=0, o ~ - - o

) If Purecompr essive state

=0

c,<0->0; =0

—
c,<0—>0,=0;—> 0'+:0—>2';E\/0+:C‘1:6:0—> f=7"-0,<0
— The state is always elastic

c,<0->0,;=0
Inelastic
o, ~
v #0 O-u
S +om
- A e
o,
vV # ‘
'./ * O'l E
) 7 £
. /7 O-u
\ v,
N P
v =20 4L — FElastic
v #0 O-u_ = —o0



Characterization of the elastic domain
—

Non-symmetric tension-compression model

6,0,,0,>50>0=1>7_=+6:C':o

o2l ey 2

T, =[9+1_9}\/62C126
3
1

01,0'2,03<O+G:Oar(,:i\/o:C‘l:o
n

3
>
6 = = L \
>lo) ¢ ;
1

3
1

2. lo]

—No —No



- 2.2 Viscodamage model

Ch.2. Continuum Damage Models



Model characterization
—

o1 The rate effects can be accommodated into the inviscid damage
model (rate independent)

Evolution equation

f=Aer)=0, r|_=r, relr,e]

Constitutive equation

o=(1-d)C:e
Damage function

ager)=z, —r

Karush-Kuhn —Tucker and persistency conditions

f=1>0, g<0 g) Ag<O0
# g=0 E) Ag<0



Model characterization

71 Visco regularization (Perzyna’s Regularization)

. . 1 o
Obtained by replacing A %—<g> in the inviscid model

n

Evolution equation

1
:ﬂ . = —
r=Ae,r) U(g>

where 7] >0 is the viscosity

The only change is the evolution law

(%)’

Constitutive equation < > is the McAuley bracket
o=(1-d)C:e

X X>0

(X)=

0 x<0

Damage function ,
X* x>0
9(e.1) =7, ) {o x<0

Karush — Kuhn —Tucker and persistency condition
Not necessary




Model characterization
—

1 Remark 1 1

(An) =nA’=m*  asnp—0 Ag=0

=f

S T

1 Remark 2 1 Remark 3
(9)=An>0 Ag=0 Ag+1g=0

As nao(g>=0# g<O0 it g=0 » Ag=0

A>20 g<0 Ag=0— Loading/unloading conditions
If g=0 AQ = 0 — Persistency conditions

n—0

As 11— 0 (inviscid case ) the rate independent continuum damage model is recovered



Model characterization
—

-1 Remark 3 g=7,-r>0->7,>1
For 77.-/_'0 and A #0 then <g>:ﬁ77'_/‘-0 :> fETG_q>O%TG>q

The stress/strain state can lay outside the elastic domain

t+At t+ At
K

1 Remark 4

f<0sg<0—>r :1<g> =0 — Noevolution (unloading / neutral loading)
n

f>0=9>0—>r :1<g> >0 — Evolution (loading)
n



Free energy and dissipation
N

o1 Free Energy

w(e,r) = 1 d)y,(e) = (1—d)%(s:@ )

o1 Dissipation

D=6:£—y20 V¢ p:(o

_aW(e,d(r))je_aV/(e,d(r)) 'd>0 Ve
0E ' od =

Coleman's Theorem

o€ o3

p:_al//(g’dd(r))d:l/jodzo ‘ dZO
>0




Tangent constitutive tensor
-

o1 Tangent constitutive operator

o =0(g,1) {

o= G(E(t)) Inviscid model (t as a parameter)

o =o(g(t),t) Viscous model (t as an independent variable)

6=(1-d)C:¢- dCCe (1-d)C:¢—do
=(1-d(r))C: e—d(r)ro (1-d(r))C:e-d(r) £ G

L)
=d (r)(g(e r))e
do(e,t) e y 00
6=—1 ’8‘ C tong 8__(1 d)C

o _1, (r){g(e,r))C :e

1
ot 71




Time dependency /Rate dependency
—

1 Remark

o= (j(g(’[),t) The stress tensor can change even if € remains constant

E 03 Inviscid







