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Numerical integration

 Alpha method
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Numerical integration

 Data

 Unknowns

 Integration 
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Integration of the constitutive equation:
Identification of the current state
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Inviscid problem

 Inviscid case and implicit integration
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Numerical integration: stability analysis
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Numerical integration: accuracy analysis

 Accuracy

 ……
 Alpha method
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 Alpha method
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Numerical integration: accuracy analysis
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Consistent (algorithmic) tangent 
operator

t ang
alg, 1 t ang 1

1 1 alg, 1 t ang 10alg, 1
1

Analytic tangent operator

Algorithmic tangent operator

 
( ) (1 ) ( )

( ) lim ( ):

vd
vd vd

n n
vd vd

vd n n n ntn
n

d
+ +

+ + + +Δ →+
+

∂ = = − →  ≠∂ 
 ∂ = = →

∂

   
 

σ ε
εε

σ ε ε
ε

[ ]

1 1

1
1 1

1 1 1

1 lg, 1 11

1

1

1

1

(elastic/unloading)

(loading)

[1 ] :
( )( ) 1

( )
( ) :

(1 )
( )

n

n n

n
n n

n n n
vd

n a nn

n
n

n

n

n n

n

d
q rd r

r
r

r t tr
t t αε

δ
η α

τ
η α η α

δ

+

+ +

+
+ +

+ + +

+

+

+

+

+
+

++

= −

 = −
 = →  =   = − Δ − Δ +  + Δ + Δ 





σ

σ Σ

ε

ε
ε εσ

ε



 Stress differentiation 
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 Remark 1
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Integration of the constitutive equation
Numerical algorithm:
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Strain-rate – Viscosity dependencies

 The strain rate and the viscosity have similar effects on the strain-
stress relation
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 Taking into account the symmetry of the stress and strain tensors, 
theey can be written in vector form:

Formulation in Voigt’s Notation
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 Hooke’s law in terms of the stress and strain vectors:

Where      is the matrix
of elastic constants:
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Where        is the elastic compliance matrix:

Inverse elastic constitutive equation
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 The expressions used in the algorithms of the model read:

Algorithm computations in Voigt’s 
notation
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2D Formulation in Voigt’s Notation

x xy

xy y

σ τ
τ σ
 

≡  
 
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1
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1
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REMARK 
The double contraction            is 
equivalent to the scalar (dot) 
product                 :

( )σ : ε

{ } { }( )⋅σ ε

{ } { }= ⋅σ : ε σ ε ij ij i iσ ε σ ε=
2nd order 
tensors

vectors

VOIGT 
NOTATION

 Hooke’s law in terms of the stress and strain vectors:

Where      is the matrix
of elastic constants:



 Hooke’s law in terms of the stress and strain vectors:

Where      is the 2-D matrix
of elastic constants:
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2D Formulation in Voigt’s Notation



END OF LECTURE 5


