Numerical integration

o1 Analytical integration

f = %(rg (e(t) - r (1)) >

q(r)

15" order ordinary differential

Data: & ( S) equation

se[0,1] Analytical solution not always
Result: r (t) available
) 6=(1-d)C:e

=) d()=1-—

71 Numerical integration

X(tn+1) = Xn+1 - g(xn’ Xn—l’ Xn—2 ! )

10,71= U It .4

<
[t,,t...] = Time interval/step "n+1"
(At=t_ -t — Time increment

Approximate solution (depending on
the values at previous discrete times)



Numerical integration
I

o1 Alpha method A
X
v — Equation to n+1
X = f(x(t),t) o
Defining Xoto
(x = x(t,) X,

Xn+1 = X(tn+1)

| X,., = X(t, + aAl) n : >
n tn+0! tn+1
Approximation: «—>
oAt
Xnta :(1_a)xn+axn+l < At >
0 Integration (o =0 X, =X Forward Euler (explicit) scheme
= X1 — X, _ (Xn+a ,tn+a) la=05 x. = X1 T X, ern.k-Nicholson (mid
At 2 point rule) scheme
(&= 1 Xn+ta = Xns1 Backward Euler (implicit) scheme




Numerical integration
I

- %@ (e(t) - 1 (1))

r,, €,, €

n+1

o Data Mo, =To
=7, (€,),7, (€..1)
1 Unknowns

» qn+1 » d » O-n+1

O In’reg ration [ =T

— 'n+1

r -+t N _—
n+1 At < n+a>

7. =(1- 0:)2"Sn +ar, — Data

., =Q-a)r, +ar,.,

L n+o



Integration of the constitutive equation:
|dentification of the current state

THEOREM: |7, <r,., < 7, <T |— (equivalence)
Proof: a)r, <r. , =7, <1 0)
g r
: r,,—r 1 n+1
M1 = = - = _< Ensa rn+a> =0= M =Ty T
At n ~— g € nta
) =0 P
L= =>r.,,=1-ao),+ar, =r, [
I’W-J n
L n+o Tg I | i
T, ST.,.,=>|T, =1, nto |
n+a n+a I I [
|
b) 7, <r,=>71, <r,., '[. - >
n+a n+a t t
T, ST ST,,=|t. <l noonte Tnid
COROLLARY: |7, >T1.., < 7, >T1 |— (equivalence)
Proof: a) T, >l,,>7T, Z Mo = To Z =17, >Tr,
b) T, >, =7, ,{ =7, ,Z Mo = T >To,



Integration of the constitutive equation:

|dentification of the current state
e

- State identified at time 1o in the current time interval [t .t ..]
1 Wnloading / Neutralloading

Theorem

Onia = Te,Ha ~lhia <0e Ten+a S e & Ten+a S I,
r,,—r 1
: 1 — — —
(i1 = = - = _<Tgn+a o rn+a> =0- M =Ty
At \ ~— J
2 L oading
Corollary
Onia = Tgn+a g > 0e Tgn+a > g = Tgn+a > T,
r,,—r 1 1
: — _n+1 n _ —_
M = - _<Ten+a a rn+a> - _(Tgn+a o I’.n+05) >0
At n n
At [7 - At(1- ) ]r, + Atr,
r.,="r + —(rgn+a —-[A-a)r, +ar, . .]) > |, =
n n + aAt




Inviscid problem

]
Inviscid case and implicit integration
n—so0 a=1 [7.— At(Q~a)]r, + Atz,
———  Implicit Mo = ‘
Inviscid  jntegration 7+ aAt

) rn+1 = Ten+1

Numerical integration inherits the properties of the model
and recovers the solution of the rate independent problem
for the inviscid case and implicit integration



Numerical integration: stability analysis

errors do not propagate

]
{f(x(t),X(t))= 0_ X, =ax,+b [[a]=1]- {

x|t:0 = X, .

. 7 -Atd-a)]r, + Atz, [n—At(l—a)]r AT
e N + oAt o +oAt " [+ aAt
a N

‘[n—m(l—a)] <1 » L m-ata-oy]
n + aAt

n + aAt
[7 - At(1-a)]
n + aAt =1 » =20 Crclnck-)Nicholson (mid-point rule)

[7 - At(l- )] 1 1
ot >_1 » @z » ESO!S:L>

Backward-Euler

(stable integration)

la| =




Numerical integration: accuracy analysis
—

71 Accuracy
1 First order accuracy/consistency:
r(t) = ;(Te (t) - I‘(’[)) Numerical solution fulfills this equation as At — 0

. 1. . :
F(t) = =(7,(t)—F(t)) Second order accuracy

Numerical solution fulfills this equation as At — 0

o Alpha method

Mo = (1_ a)rn T ol » F o (tn+1) = (1_ 0() r, + arn+1(tn+1)

r.n+a _ arn+a — o arn+1 — arn+1 ’ I.,;H_a _ arm_a —a arn+1 _ af"n+1
ot ot ot ot
n+1 n+1 n+1 n+1
T =Q-0)T, +7,,, »
Z..n+05 = aTn+a = afn+1 1 fn+a = aTnJra = aTn+1 = OJTn+1
atn+1 8tn+1 atn+1




Numerical integration: accuracy analysis

]
Alpha method
r.—r 1
r — _n+l n _— T —r
n+1 At 77( n+o n+a) :>
At t ., —t
rn+1 (tn+1) = rn + _(Tn+a _ rn+05 ) = rn + - [Tn+a (tn+1) _ rn+05 (tn+1)]
n n
Taking time derivatives:
At
1 t .. —t
— n+1 n .
rn+1 _(Tn+a o rn+a ) T n [Tn+a _ rn+oz]
a7n+l 0(I‘n+1
_éi
1 | 1. t -t |
rn+1 = _[ Thia — Thia ] + _[ Thva — rn+0¢ ] + n - [Tn+a o rn+05]
a7n+l arn+1 afn+1 Otl‘n+1 afn+1 Otf'n+1



Numerical integration: accuracy analysis
—

{(t) = %(rg O -r(t)) ; F(t)= %(r; (t) -1 (1))

Taking the limit At— 0 (t,,,=t,., —t,)

r:n+ — i(Tn+oz B n+a) % — r % n+l n+1) ‘ holds
@(Tn+a o n+a )+ M —
1

) ‘ holds only for o = E

n+1 = (Tn+1 n+1)
\ n
O Alpha method: Summary of stability/integration analysis results
1 1
Stable: o = [5,1] First order accurate: ¢ = [0,1] Second order accurate: O = E




Consistent (algorithmic) tangent

operator
]
( J0(€)
cY = = (1-d)C — Analytic tangent operator vd vd
) e 88 {(Calg,nﬂ # (Ctang (8n+1)
y 6. . (e imC" =C" (e
C aldg = o1 (Enn) > Algorithmic tangent operator At—0  a9n+l tang( o)
L | a8n+1
(Gn+1 = [l_ dn+1](C :
Mot
dn+1(rn+1) = 1_M
rr1+1 Gn+1 =2 n+1( )
] ) _ . — vd
r(elastic/unloading) 06, =Clina(E 1)
a=9(7-Atl—-« _
1=l ( ) r+ At 7. (¢,.,) (loading)
n + oAt n+oaAt ™




Consistent (algorithmic) tangent

operator

= (1_ dn+1)<C : &n+1

T, =/€,,:C

"7 )[@A-d_,)C - d’

\

d,(rn+1)5rn+1 ® C : 8n+1 : §r

H_J
0'

€ n+1 $ 52’ Ent1 = 8n+l C

n+1

((1-d.)C: ¢, ., (dlastic/unloading)

oAt 1

n+1l ~ n+l

n+ oAt T,

Ot ..

(0 (elastic/unloading)

oAt

bR aAt ) (loading)

L O0E,,

n+1

n+1

= CVd : &n+1

6,.,®0, ,]:%, ., (loading) a9t

<C\z:\Idg L =) (1 dﬂﬂ)(g -
C\t/gng n+1

((1-d.)C (dastic/unloading)

oAt 1

n + oAt T,

Additional term —O(At)

d ln+1 En+l ® En+1 (lOadI ng) (d 'n+1

. H netlner — q(rn+1))
2
(rn+1)




Consistent (algorithmic) tangent

operator
-—

((1-d )C (eastic/unloading)

oAt 1
d V= _ _
C\<':|Ig,n+1 =9 gl_ dn+1)(; o n+ oAt T d n+1 O ns1 ® Oniq (Ioadlng)
CvdV N Enal . )
tang Additional term —O(At)
o Remark 1
I£. o =0 C\;dglnﬂ = C\t/:ng’nﬂ Algorithmic and
) analytical tangent
|f: At=0 C\ﬁg,nﬂ = (C?Hl operators match
7 Remark 2
. 7—0

Algorithmic viscous
tangent operator
C\;Idg,nﬂ =(1- dn+1)<C _i d 110n11 ® 0 match (in the inviscid
Cens limit) the one for the
rate independent
damage model




Integration of the constitutive equation

Numerical algorithm:

INPUT DATA [t,,t, + At=1t,,,] = &,,1,,& .1

-

Step 1 > Computes

LT

€n

(—Sn+1 — (C :8n+1 — {

r, =.g,:C:g,

TSn+1 = \/8n+1 : (C :8n+1 = \/En+1 :8n+1

= l-a)r, + ar,

U

Step2—>1Ifr,  <r —

n

cY  =(@1-d_,)C

alg,n+1 —

Elastic
Unloading

=1, ; dn+1=dn=1——q(r”+1) ;

r

n+1

O i1~ (1_ dn+1)En+1

— EXIT




Integration of the constitutive equation

Numerical algorithm:

]
U
Step3—> If z, >r — (Loading)
- At(l- o
rn+1 _ [77 ( )] rn + At Tg ’ dn+1 — 1_ q(rn+1)
n + oAt n+ oAt M1
Ch1 = (1_ dn+1)6n+1
— vd
<Calg,n+1 = (1_ dn+1)<C T
At 1 H, .., —q(r _ _
+ o n+1" n+1 (2:'( n+1) (Gn+1 ® Gn+1)
n+oaAtzr, (r...)
OUTPUT DATA [tn’tn + At = 1:n+1] — rn+1’0n+1’(c\(:1(ljg,n+1

For n=0and «a =1 the inviscid model is recovered !llI

— EXI



Strain-rate — Viscosity dependencies

71 The strain rate and the viscosity have similar effects on the strain-

stress relation

Effects of
strain rate

£=10"7 s
£=10" st

é&=0s"

A 4

n=107° MPas™
n=10"° MPas™

Effects of n=0MPas™
viscosity

A 4

E



Formulation in Voigt’s Notation

]
Taking into account the symmetry of the stress and strain tensors,
theey can be written in vector form: ) €y
11 <
&y nyy nyz y
£ &y Eql . ) d | g, e
_ e €r=9 €
e=|8y & Eu|=|Thy & ST |:> {e} Ve
e S &) 11
nyz Eyyz &, ?/XZ
L _ 7/yz
VOIGT’S L
The double contraction (0‘ : 8) is NOTATION Oy
equivalent to the scalar (dot) 5 7 q o,
product ({0‘}{8}) xoy e de | O,
c=|t, O, T - 6
vectors Y y vz |:> {0} < Ty e R
c:e={o}-{eh e 0,6 =0¢ 1 Te Ty Oy r
2" order
tensors kTyZ)




Hooke’s Law

Hooke’s law in terms of the stress and strain vectors:

6=C:¢ = {{0}=D'{8}
C=A1®1+2ul 0, =Dye; i€ {l...6;

Where D is the matrix
of elastic constants:

_ E(1-v)

(L+v)(1-2v)

V 1%
1-v 1-v
v v
1-v 1-v
1% 1% 1
1-v 1-v
0 0 0
0 0 0
0 0 0




Inverse elastic constitutive equation

(e=C':o (61~ D o]
— D—l o
4 1 1+v » :
=——1®1+ ]I g =(DY),0 ie{l..6}
k E
Where Dis the elas’rlc compllance matrix:
1 v v O O O
E E E
¥ 1 ¥ % 0 0
E E E
-v v 1 O 0 0
Do E E E __E
2(1+v
O 0 O 1 0O O d+v)
G
O 0 O 0 1 0
G
O 0 O O O 1
_ G




Algorithm computations in Voigt’s
notation

The expressions used in the algorithms of the model read:

7, =Ve:Cie=5:e=/{c}{e} = /{e}-{D} {e} = y{5} -{D} {5}

{G} nl (1_ d (rn+1)) {(_5}
{6}n+1 =D '{8}n+1
. =\lel D-fe},; = f6},. D {0}, = lGha (e

pYv a{G}ml =(1- dn+1) D —

ag,n+l1
W d {8} n+1 6,(—6J

oAt 1 r
— - At n+1 2+1 )q( n+1) ( { }n+1 {6}n+1 )
Mo T“f it 6x1 1x6




2D Formulation in Voigt’s Notation

1 Hooke’s law in terms of the stress and strain vectors:

_ 1 <
def X
g, &, | & 57 le}=q¢, reR®
? ’ E I €y \%‘y)

Where is the matrix V

of elastic constants:
VOIGT

REMARK NOTATION
The double contraction (0‘ : 8) is
equivalent to the scalar (dot) {O‘ T

product ({0‘}{8}) c TX O_Xy} » {O'}dz%O'y>eR3

vectors

@' m’ 0;;€; = O;&

2" order
tensors

\
Q
J

"
3




2D Formulation in Voigt’s Notation
I

1 Hooke’s law in terms of the stress and strain vectors:

c=C:¢ {c}=D{e}
{Czﬂl®1+2ﬂﬂ » {O-i:Dijgj e {123}

Where D is the 2-D matrix
of elastic constants:

| | being:
1% 0 _ vV 0 y
D= E 1 0 D= E_ v 1 0 ]7:—
1-v?2 1 1-v2 1-7 1—V
0O 0 v 0 0 -V
i 2 i 2 | E

Plane stress Plane strain 1—y2






